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The superposition principle leads to coherence phenomena that have no counterpart in classical
optics. Agedankerexperiment, due to Horne and Zeilinger, provides an especially clear illustration

of such phenomena, and is presented in a manner suitable to an introductory quantum mechanics
course. The experiment displays an interference pattern in the correlation between two particles
produced in a momentum-conserving decay, but no interference pattern when either particle is
observed separately; it also has interesting Einstein—Podolsky—Rosen-type correlatiaro ©
American Association of Physics Teachers.

[. INTRODUCTION the path of the otherthen either particle by itself, or
both, may display an interference pattefire., in P,
and/orPy,), but there will be no interference pattern in the
correlationP .

Quantum mechanics is the only basic theory of physics
that claims to be rigorously linear. This may be read to imply
that the superposition principle is the theory’s most funda-
mental postulate. For that reason, simple illustrations offhe words “in principle” allude, as we will see, to the fact
quantum mechanical superposition that are inherently differthat whether or not an observation that actually determines a
ent from the coherence phenomena of classical optics serygath is made does not mattewhat matters is whether such
an important pedagogical efdin incisive example of such an observation is possible at all
an effect has been demonstrated by Mandel and his collabo- The state that will be analyzed to establish these conten-

rators in elegant experiments with two-photon states that dis;ons describes the particles produced in a decay prokess

play an interference pattern in the correlation between tWO—>a+b, and the experimental setup is the two-particle inter-

photons whereas no interference pattern appears when Or}lé(rometer shown in Fig. 1

one photon is observed. The interferometer consists of two parallel opaque screens

From a pedagogic viewpoint, these experiments are n(ié d h Di d b ihol call
maximally simple, however. For that reason we discuss @a and Sp, €ach pierced by two pinholes symmetrically

gedankerexperiment due originally to Horne and Zeilinger, placeq about the axis normal to t_h.e screens, and two parallel
that makes the same point with only a bit of algebra andfetection screenB, and Dy, sensitive only toa andb, re-
scalar diffraction theory, and requires no knowledge of spinspectively. The detectors record the coordinates of particles
or polarization. Therefore it is suitable to an introductory striking them in coincidence, i.e., determine the joint prob-
course in quantum mechanics. The experiment also has thability distributionP,y,.

merit of displaying correlations that have characteristic This thought experiment is not far-fetched because there

Einstein—Podolsky—Rosen features. are several real-life examples &f One is positronium, the
bound electron—positron system, whose ground state annihi-

Il. TWO-PARTICLE INTERFEROMETRY Iate§ into two photo_ns; another is the neutral kdoh a
particle that decays into twa mesons.

Consider two particlea andb described by a wave func-  In the proces\—a-+b momentum is conserved, and so
tion W(r,ry;t). The probability for detecting atr, andbat  the decay productédaughters will go in exactly opposite
r, in coincidenceis directions with momenték provided Awas at rest. Then if
Poo(Fafn i) =W (rary:t)|2. (1) apasses through one of the two holes on the rightaust

. o . pass through the diametrically opposed hole on the left, and
The one-particle probability distributions for detectig therefore a determination of the path of one determines that

whenb is not observed at all is of the other. However, ifA is at rest its position is totally
uncertain. Conversely, i is at the exact center of the setup,
Pa(ra;t)zf d3rpPap(ralp;t), (2)  its momentum would be totally uncertain, there would be no
correlation between the directions afand b, and so an
and similarly forPy(rp;t). observation on one daughter would not determine the path of
Our purpose is to establish the following. the other.

In any experimental setup that allows the two particles to. HenceA's spatial localizatiors must exceed some lower
traverse different paths, and in whichis possible, in limit to assure that the daughters can only pass through one

principle, to determine the path taken by one particle byPair of diametrically opposed pinholes. This limit is set by
some observation on the othareither particle will, by the uncertainty principle and momentum conservation. The
itself, display an interference pattethe., in P, or in ~ former states thai's momentum uncertainty satisfielsp,

P,), but there may be an interference pattern inahé =hls; the latter that the spread in anglés between the
coincidence ratd,,, i.e., in the correlation of positions daughters’ momenta is of ordeAp,/#ik, so that ©®

for aandb. On the other hand, if the setup is such that =(1/sk). But if the sourcéA is to only illuminate one or the
observation on one particle can, in principle, determine other of the opposed hole®, must be much smaller thap
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Fig. 1. The parenA is in a state centered on the origthand having zero
mean momentum. It undergoes the momentum-conserving daeagp
+b, with a detected on the right-hand plaBg , andb onD,,, at the points pa/? pa/2

Ya andy,, respectively. To reach the detectors, the daughters must pass

through one or another pinhole in two parallel screésandS, , at equal  Fig. 3. The departur® from back-to-back decay. From classical kinemat-
distance fromO. The lengthsL;,, enter into the amplitude? (yayn) for  ics, (©2)~(p2)/2(%ik)?, an estimate which is confirmed by a quantum me-
coincidence, Eq(5). chanical calculation.

the angle subtended by the two pinholes on one screen afer rotations,W,(r,rp) also has this reflection symmetry.
seen fromA (see Figs. 2 and)3Hence the condition 0A's  Hence the values oF ,, at the four pinholes are given by just

localization is two complex numbers:
1 Win(rarp)=Pin(rarp)=a,
s> —. 3
ke ) @

Win(rarg)=Win(rary) =5,
Here we assume that the energy release in the decay is |ar%erer§b are the positions of the pinholes.
enough so that both daughters have momenta of approxi- taqe coefficients have a simple meaniha}? is the
mately the same magnitude when (3) is satls_ﬁed. probability fora andb to pass through diametrically opposed
We now turn to the daughters’ wave functidifou(rars)  holes, i.e., forA to have undergone back-to-back decay,
outside the screersy, andS; . As the particles do not inter- \yheread |2 is the probability for both to pass through either
act in this region¥,; must be a linear combination of prod- the two upper or the two lower holes. Cleary/a|?<1 if

ucts of one-particle wave functions, with each such functionpe initial state ofA satisfies the source size condition, Eq.
a spherical wavej(r)=e"'/r emanating from one of the (3),

pinholes. When¥; is evaluated at the detection screens, The outside wave function evaluated at the detectors,
one such term ig/(L_ ) (L, ) for the case whera emerges  when (4) holds, is

from the upper hole on the right afodfrom the lower one on
the left, with the various distancés; ;, from the pinholes to
the detectors defined in Fig. 1. In generdl, is a linear _’_B(eikL;eikLg+eikL;eikLg). (5)
combination of four such products, with four arbitrary coef-

ficients determined by matchirdf,,, at the pinholes to the Here the distancé, from the screens to the detectors is
wave functionW,,(r,ry) in the interior region between the @ssumed to be much larger than that between the holes on

screensS, andS, . either screen, so that the denominatorffi/r can all be

The state ofA is assumed to be a spherically symmetricreplaced byL,, and have then been absorbed into an irrel-
wave packet of size and zero mean momentum centered at€vant overall factor; in5) and henceforth= means equal
the origin. This state is symmetric under reflection throughepart from such a factor. In this geometthe Fraunhofer
they=0 plane shown in Fig. 1 and, provided that the inter-diffraction limit), the various lengths can be approximated by

action responsible for the proce8s-a+b is invariant un- Ly=LoF0y,, Lp=Lo¥F 0y, (6)

. + . — . - . +
\Ifouti a(e'kl‘a e|kLb +e'k|-a e'kLb)

where they coordinates and are defined in Figs. 1 and 2.
With these small-angle approximatior{s) simplifies to

WoudYaYp) =@ cog ko(y,—Yp) ]+ B cogko(y,+ yb)](-7)

For general values af/g, this isan entangled statene that
cannot be expressed as a single product of one-particle wave
functions, ¢a(Ya) ¥o(Yo)-

The two-particle interference phenomena require, as we
have already intimated, that the decay be back-to-back, that
~— Ly—= ~— Lo—= is, | B/ «|?>=0. The joint probability distribution for detecting
aaty, andb aty, in coincidence is then

Fig. 2. The distances and angles that define the arrangement in Fig. 1. Pab(YaYp)=|cogko(y,—yp) 1|2 (8)
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This states thathe coincidence rate will display an interfer- W ou(Yayp)=cos kO(Ya—VYp)]

ence pattern in the variablg/,—v,|, the “distance,” so to

say, between locations on the widely separated detectiog the Fourier transform of a momentum space wave function
scréens (papp) Which expresses the preceding sentence in precise

In striking contrastthe distributions of locations of par- [€rms, namely
ticles on the individual detection screens show no interfer-
ence patternThis is so because the probability for detecting® = (Pa—7%k6) 5(py+7k6) + 8(pa+7ik6) 5(pp— ko).
a aty,, regardless of wherb struck the other detector, is (11)

1 (v lll. THE TRANSITION FROM ONE- TO TWO-
Palya) = v Jinyb P(yaYyp) =const- O(1/Y). (99 PARTICLE INTERFERENCE

. . The two cases already discussed in detail, one where there
Th's.d'Str'bUt'Qn IS mdependent.ra!rs pqsmon, a result that are independent one-particle diffraction patterns and no in-
requires the ,5'26\2 Of_ the detgchon region fd',’ .to bg large terference effects in the coincidence rate, and the other where
enough to yield no information abolts position, i..,Y  there is an interference effect in the coincidence rate but no
>(1/k#), the distance between interference fringes. one-particle diffraction patterns, are limiting cases of the
The existence of an interference effect in the coincidencgeneral situation described by E§) for arbitrary values of
rate when there is none in the individual rates is a quantuma/q|=+. The quality that changes along the continuum
mechanical phenomenon. Hence it is important to understangl,m y=0 to y=1 is the degree of confidence with which it
why th:s initially surprising result is, in retrospect, not sur- jg hossible to determine the path of one particle by an obser-
prising: . . oo ation on the other. Ify=0, it is known for sure which path
The absence of an interference pattern in the |nd|V|duaé took from a momentum measurement bnbut asy in-
rates is due to the possibility of _determ_lnlng the path tha reases this becomes progressively less certain, and the two
both particles took by an observation on just one. To accombossible paths become equally probable wheal. The
B“SE thallsdc;r\}(iacgat?]é{oc; e‘ié?ﬂﬁfgﬁéﬁn’fﬁtggndetsgti? ' transition from two-particle to one-particle interference goes
b 0Y . ony . _hand-in-hand with this decrease of knowledge attainable
arrives at the left-hand detection plane. This determ'nef)rinciple

\Q’h'ckhdh()le 'ni‘? 'ft] 'galve_rseﬁ anc:], because of the back-'éob It is instructive to phrase the preceding paragraph in more
ack decay, which hole in the other screen was traversed byo o o) terms. Leb,(a;q,) be a wave function of systes

a. Hence there can be no interference pattern in the locatio Whose coordinates are collectively designateddy and
of a’s position, for that would require a coherent addition of . "~ y 9 Y
similarly for b. In the example of Sec. Il, at the detectors

amplitudes from the two holes on the right side, which is

excluded by the knowledge of which hotetraversed. Of - -

course, the same conclusion holds for d.(a;q)=e*a, ¢.(b;q,) =€, (12
The argument of the preceding paragraph might lead one

to suspect that a gross error has been committed in exploiting

results from two distinct experiments measuring incompat- ) ) ) )

ible observables. That is not so, however: It is the Einstein— ¥ (dalb) = ¢n(@;da) dm(D:Gb) + ¢n:(8;0a) b (D).

Podolsky—Rose(EPR feature of this experiment, as will be (13

made clear in Sec. IV. In the probability distribution, this produces the two-particle
To shed further light on what has just been discussednterference term

consider what happens if the back-to-back decay does not

dominate, angB is not negligible. In particular, consider the |, (q,,q)

case where the source sigés small enough so that the two

holes on either side are illuminated equally, ie= 3. Then =2 Re[¢n(a;0a) P/ (;0a) dm(b; dp) Prvy (D3 Gp) Y. (14)

(7) becomes

Consider now the generic entangled state

If bis not detected, the observable quantity is

Y oulYayp) = cogkbly,) COSKOYp). (10 1(Qa) =2 REV (G0 &7 (2:G)1 (15

This is not an entangled state. It descrilresependentlif- whereV, which we may call the visibility amplitude, is
fraction patterns on each of the two detection screens. There

are no correlations in either coordinates or momenta because
determining which hole is traversed by one particle does not V:f dgpdm(b;qp) ¢, (b;ap). (16)
determine the path the other took. m

The interference pattern in the coincidence rate Wherrpys g one-particle interference pattern will only be visible
back-to-back decay dominatéise., ||>[]) is due to the i the statesd,, and ¢, of particle b are not orthogonal
correlations in the momenta @ and b. At the detecting In the example of Sec. II, the two stateshothat interfere
planes the particles hawe components of momentunp, gt the detectob,, are orthogonal: They are states of differing

andpy,, that are eithefikd or —7k6. At each detector there. momentum along thg direction. Hence there is no interfer-
is a random distribution of events with7ik¢, but astrict  ence in the one-particle probability distribution.

correlation between those on the right and left: If one par- A somewhat differengedankerexperiment elucidates the
ticle has momentuni k6, the other isguaranteedto have point made in the discussion leading to Ebp). Assumeb is
—nke. The coordinate space wave function charged, as irKs— 7"+, and that the screens on the
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left-hand side of Fig. 1 are replaced by magnetic traps thaswitches at random between measurements of position or
leaveb in one or the other of two states.. (b) if a has the momentum ofb. All measurements are done in coincidence.
momentum required to pass through the corresponding rightFhis does not require communication between the widely
hand holer; . Then there will be an interference pattern in separated “laboratoriesD, andDy,; there can be a protocol
the probability distribution ofy, as long as there is spatial t0 insertonly one specimen éfat regularly spaced intervals
overlap between these trapped statesobecause then a Sufficiently long to insure that both laboratories carry out

measurement ob does not provide annambiguousieter- ~ observations on the sangetb specimen. After the run is
mination of the path of. over, the list of observations that were madelois trans-

This modified experiment serves to emphasize what is almitted to the other distant laboratory, where the data on the
ready implicit in(15) and(16): The visibility of the interfer- ~coordinatey, are separated into three set) those where
ence pattern displayed by a alone when it is in an entangleg,=7%k8, (2) those wherg,=—7%k6, and(3) those where
two-body state is determined by the confidence with which ag, was measured. No human intervention is necessary after
observation on b can determine the state oftaeed not be  the apparatus is set to work; the collection, transmission, and
an either-or situation, as it is in the interferometer of Fig. 1processing of the data can be fully automated.
when 8=0. The prediction of quantum mechanics is that Gtwill

display the diffraction pattern iry, from the upper hole

alone[the first term of Eq(17)]; set(2), the diffraction pat-
IV. THE EPR EEATURE tern from the lower holdéthe second terjn and set(3), the

oscillating correlation functioncogké(y,—yp)1|>. While this

Our two-particle interferometer can display the “spooky particular experiment has not been done, enough experi-
action-at-a-distance” feature first discussed by Einsteinments of the EPR variety have been so that there is no reason
Podolsky, and RosefEPR. There is, of course, nothing to doubt that what has just been claimed would be confirmed.
novel about using a particular measurement on one particle As is well known, such a setup provides no means for
to determine a property of another that is, at the time, arbiinstantaneous signaling between the two laboratories, though
trarily far away. If it is known that a missile with a known in this particular example the “spookiness” is less dramatic
momentum will separate into two pieces, it suffices to deterthan in the EPR—Bohm examples because here the correla-
mine the momentum of one piece to determine that of theions between observations at space-like separations are only
other. But here there are features that are totally foreign tstatistical. Nevertheless, before the information concerning
classical physics. The classical momentum correlations in the sequence of observationslmreaches the laboratory that
missile breakup would be described by Efl) if it were  determined the coordinates,, the latter only sees a quite
taken to bethe joint probability distribution whereas in  featureless distribution of hits that gives no hint of the cor-
quantum mechanics this expressioritis probability ampli-  relation and diffraction patterns that can be extracted once
tude The wave-like correlation in positions between par-the information aboub is in hand.
ticles at arbitrarily large separations is a consequence of this The interference patterns displayed, or not displayed, by
coherent superposition in momentum space, a concept theie two-particle wave function are, to underscore it yet again,
does not exist in classical mechanics. determined by what the experimenter can in principle do,

In the original EPR example, and in the more familiar andand not by what is actually done. This is best brought out by
practical version due to Bohm in which spins or photon po-the delayed choiceproperty—by the freedom to decide
larizations are observed, there are strict correlations betweeghether the momentum or coordinate is to be determined
observables at space-like separations. In this example, thejigst before the particles are actually detected. What counts is
are only statistical EPR-type correlations, but they too carwhether the option to make this choice exists, and not
convey the misconceptions that instantaneous signaling Wwhether the option is exercised. If the wave function is to
possible or that hidden variables are at work. pass the delayed choice test, it must possess a sufficient rich-

The EPR feature in our experiment is thafree choice ness of properties to cope with all measurements that could
between determining the position or momentumbadeter-  be done in the future. It must, in this example, be able to
mines the diffraction pattern displayed by the distant particledisplay itself in a wave-like or particle-like guise, or in vari-

a. This feature is not visible with arbitrarily small pinholes, ous combinations of these guises, depending, so to say, on
because such an idealized aperture produces no angulahat question will be asked of it.

variation in intensity. With pinholes having a finite aperture
2d, the one-particle distribution is no longer uniform, as it is

in Eq. (9), but becomes ACKNOWLEDGMENTS
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SCIENTIFIC OPERA

The more we get into the niceties of the scientific literature, the more extraordinary it becomes.
It is now a real opera. Crowds of people are mobilised by the references; from offstage hundreds
of accessories are brought in. Imaginary readers are conjured up which are not asked only to
believe the author but to spell out what sort of tortures, ordeals and trials the heroes should
undergo before being recognised as such. Then the text unfolds the dramatic story of theseg trials.
Indeed, the heroes triumph over all the powers of darkness, like the Prifideeifagic Flute
The author adds more and more impossible trials just, it seems, for the pleasure of watching the
hero overcoming them. The authors challenge the audience and their heroes sending a new bad
guy, a storm, a devil, a curse, a dragon, and the heroes fight them. At the end, the readers, ashamed
of their former doubts, have to accept the author’s claim. These operas unfold thousands of times
in the pages oNatureor thePhysical Reviewfor the benefit, | admit, of very, very few spectators
indeed.

Bruno Latour,Science in Action—How to Follow Scientists and Engineers Through SdEfatyard University Press,
Cambridge, Massachusetts, 1983p. 53—54.
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